Abstract. In this note, we will apply the work of Gross-Zagier and Gross-Kohnen-Zagier to give a short proof that the difference of singular moduli are not units when the discriminants are fundamental and coprime. We also obtain a result on isogenies between reductions of CM elliptic curves.
Introduction
Let H be the upper half complex plane, which is acted on discretely by the group Γ := SL 2 (Z). The modular curve Y (1) := Γ\H is the coarse moduli space of isomorphism classes of elliptic curves over C. The Klein-j invariant provides the uniformization
Let z ∈ Y (1) be a CM point of discriminant d < 0, i.e. it corresponds to an elliptic curve E z with complex multiplication by the order Z + d+ √ d 2 Z in the imaginary quadratic field K = Q( √ d). Then the classical theory of complex multiplication tells us that j(z) is an algebraic integer, and generates an abelian extension H of K. The factorization of j(z) was the subject of the seminal work by Gross and Zagier [5] and has interesting implications for the elliptic curve E z . For example, if j(z) is divisible by a prime p in H, then the reduction of E z modulo p is isomorphic to the reduction of the CM elliptic curve E : y 2 = x 3 − 1, whose corresponding j-invariant is zero. It was recently shown that for any CM point z, one can find such a prime [1] .
where Γ m consists of matrices in GL 2 (Z) with determinant equals to m, and is acted on by Γ via multiplication on the left. For example, ϕ 1 (X, Y ) is simply X − Y . A prime that divides Date: November 2, 2018. The author is partially supported by the LOEWE research unit USAG..
for two CM points z 1 , z 2 then gives us a finite field, over which the reduction of E z 1 and E z 2 are m-isogenous.
In this note, we will apply the results by Gross-Zagier and Gross-Kohnen-Zagier to give a different approach and some generalizations to the result in [1] . More precise, we will prove the following result. Theorem 1.1. Let m ∈ N and z 1 , z 2 ∈ Y (1) be CM points of coprime, fundamental discriminants d 1 , d 2 < 0, and H the composite of the Hilbert class fields
Then the algebraic integer ϕ m (j(z 1 ), j(z 2 )) defined over H is never a unit. Furthermore we have the lower bound
for any ǫ > 0. Here Q s−1 is the Legendre function of the second kind and
is the size of the set From (2.6), we also see that Q 6 (1 + ǫ) = log(1/ǫ) + O(1) for small ǫ > 0. By a well-known result of Duke [3] , the set Z 1 is equidistributed on H when d 1 goes to infinity. Combining this with our result quickly leads to the following corollary. Corollary 1.4. In the notation of Theorem 1.1, there exists c > 0
where
is the class number of K 2 and the positive constant C is ineffective.
Remark 1.5. The constant c can be effectively given and is directly related to the power saving in the estimate of Fourier coefficients of half-integral weight modular forms by Iwaniec [8] .
The ineffectiveness of the constant C comes from Duke's Theorem.
Specializing Theorem 1.1 to m = 1 and d 2 = −3 recovers part of the main result in [1] , which was proved earlier for all (ineffectively) large discriminants in [7] . Corollary 1.6. Let z ∈ Y (1) be a CM point of fundamental discriminant d coprime to 3. Then the algebraic integer j(z) is not a unit.
By the discussion concerning isogeny between elliptic curves, Theorem 1.1 also implies the following result. Corollary 1.7. For i = 1, 2, let E i be an elliptic curves defined over a number field H with CM by the maximal order in an imaginary quadratic K i . Suppose the discriminants d 1 , d 2 of K 1 and K 2 are coprime. For any m ∈ N, there exists a prime p of H such that the reductions of E 1 and E 2 modulo p is m-isogenous.
The idea of the proof of Theorem 1.1 is rather simple. The result of Gross-Zagier expressed the left hand side of (1.2) as a finite sum of non-negative quantities. Then a special case of the result of Gross-Kohnen-Zagier expressed the special value of higher Green's function as a different linear combination of these non-negative quantities. From its definition as a Poincaré series, the higher Green's function clearly never vanishes. This then tells us that these non-negative quantities are not all zero. One can even obtain a bound as in (1.2). We give the details in Section 4, after recalling the basic notions in the next two sections.
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Higher Green's Function
The function log |j(z 1 ) − j(z 2 )| 2 is the Green's function for the diagonal on two copies of the modular curve. In [4] , higher weight Green's functions were studied. For ℜ(s) > 1, let
be the Legendre function of the second kind, which satisfies the ordinary differential equation z 2 ) the hyperbolic distance between z 1 and z 2 . By averaging over the Γ(= SL 2 (Z))-translates of the second variable, we obtain a function
on (Γ\H) 2 symmetric in z 1 and z 2 . Easy estimates show that the sum converges absolutely and uniformly on compact subsets of H 2 when ℜ(s) > 1. From the definitions in (2.1), we see that for any fixed s ∈ (1, ∞), the function Q s−1 (t) is positive and monotically decreasing for t ∈ (1, ∞). Therefore, we obtain the following lemma Lemma 2.1. Let F be the standard fundamental domain of Γ\H. Suppose z 1 , z 2 ∈ H are not Γ-equivalent. Then the function G s (z 1 , z 2 ) is negative and satisfies
for any s ∈ (1, ∞) and distinct z 1 , z 2 ∈ F .
Remark 2.2. When s = 1, the sum in (2.3) does not converge absolutely any more. One can however analytically continue G s (z 1 , z 2 ) to s = 1, where it will have a pole. After eliminating the pole using the real-analytic Eisenstein series, one obtains the function 2 log |j(z 1 ) − j(z 2 )| (see [5, Prop. 5 .1]). Therefore, we will define (2.5)
When s is an integer k ≥ 1, the legendre function Q k−1 (t) has the form (2.6)
where P k−1 (t) is the (k − 1) st Legendre polynomial and R k−1 (t) is a unique polynomial. For k = 1, 3, 5, 7, they are given by P 0 (t) = 1, R 2 (t) = 0, For m ∈ N, we can let the m th Hecke operator T m act on one of z 1 and z 2 to define
Given any weakly holomorphic modular form f ∈ M ! 2−2k with the Fourier expansion f (τ ) =
The averaged value of G f (z 1 , z 2 ) was studied in [4] , extending results in [5] and [6] . As in the case k = 1, these averaged values are logarithms of integers, which can be factored explicitly. We will recall the result in the next section. 
the CM extension of F unramified outside infinity. Let O K be the ring of integers of K and Nm K/F the relative norm to O F . We have the following usual ideal counting function associated to K/F
for every ideal a ⊂ O F . In [5] , the following analogous function was defined
which are the Fourier coefficients of the holomorphic part of a suitable incoherent Hilbert Eisenstein series on SL 2 over F . Since χ is multiplicative, we can factor a into prime ideals and see that ρ ′ K/F (a) is either zero or n log ℓ for some n ∈ N and prime ℓ | Nm(a), in particular 1 We have added a minus sign for convenience.
where w i is the number of roots of unities in O K i . As a consequence of the main results of [5] and [4] , we have the following result. 
. 
